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OO . 

0^ . 0. Introduction 

o\ 

T— I In [MNVW], Minahan, Nemeschansky, Vafa and Warner computed "Euler characteristics" of 
S'[/(2)-instanton moduli spaces on rational elliptic surfaces. In order to state their formula, let 
■ us introduce some notations. Let vr : X — ^> be a rational elliptic surface, s a section of vr and / a 
^ '. fiber of vr. For x, y G H'^{X, Z), we define a pairing {x, y)^ := —{x,y), where (x, y) is the intersection 
T— I ' pairing. Then the orthogonal complement 

r^: {s, f)^ := {x G H\X, Z)|(x, s), = (x, /), = 0} 

^ ' is isomorphic to the E's-lattice. Under the action of translations by 2x, x & Eg and the Weyl group 
• ' W{Es), there are three orbits which are represented by Vo,Veven,Vodd respectively, where Vq = 0, 
^— » ■ (Weuen)* = 4, and (Wg^d)* = 2. We shall choose a Hodge metric g such that the size of / is very 
' small. Let V{vx,A) be the instanton moduh spaces of topological invariants (f^, A). Let Z„(r),f G 
Z) be the partition function considered by Vafa and Witten in [V-W]. Up to holomorphic 
anomaly, they are generating functions of A))"- 

> : Z^ir) = g-2x(x)/24 J2 ^'x(Viv, A))"g^, (0.1) 

O '• A 
l/-^ • where q = exp(27rv^^r). 

O . Recently, Minahan, Nemeschansky, Vafa and Warner computed related partition function Z2 ( 
^ \ numbers of BPS states) [MNVW, (6.14), (6.15)]. Since the number of BPS states is minus the Euler 



^ I characteristics, their formulas (6.15) are stated as follows: 
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><| ■ ^ ' 24r/(r)24 \^ ^ 135 ^ ' 8 



^ 24r/(r)24 \^ ^ 120 8 ^ ^ ^ ' 

where Zx{r) = (Zy^^r) + Z/+„^(r))/2. For the definition of P\{t), see (|1.2|). 

On the other hand, it is expected that there is a good compactification V{vx, A) of V{vx, A) such 
that "x(^('yA, A))" can be thought of some Euler characteristics of V{v\,A). In particular, we may 
expect that if the Gieseker's compactification M{v\,A) is smooth (in our case, 7^ or A ^ 2Z), 
then "x(l^(t>A, A))" coincides with the ordinary Euler characteristics ^(^(^a. A)). 

In this paper, we shall compute x{M{vx, A)) and compare two results (Theorem |3. 7] ). In particular, 
we show that they coincide up to holomorphic anomaly coming from E2{t) and unknown terms 
coming from singular spaces! 

In section 1, we collect some equalities on (quasi) modular forms. In section 2, we shall consider 
moduli of stable sheaves on rational elliptic surfaces. In particular, we shall define our invariant 
Zx{t) and get a description of Poincare polynomials of moduli spaces. Since X is 8 points blow-ups 
of Si, there is a morphism ip : X ¥^ such that general fibers are P^. Let g G i/^(X, Z) be 
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the cohomology class of a fiber. Tfien we get (/^) = (g^) — 0. Let ^^^xz) ^® Jacobi form 
of Gottschc and Zagicr [G-Zl] associated to f,g. Then Poincarc polynomials of moduli spaces are 
related to this Jacobi form. Since the orthogonal complement of (/, g) is the Dg-lattice, we can 
describe our invariants by using Dg-theta functions. E2{t) also appears as a contribution of {f,g)- 
These calculations are treated in section 3. 

After wrote up the first version of this paper, the author heard that Gottsche and Zagier [G-Z2] 
related Hodge numbers of moduli spaces to Jacobi forms in a more general situation. In particular, 
they showed that Eulcr characteristics and signatures have generating functions in terms of (quasi) 
modular forms. If moduli space is smooth and has a universal family, then Beauville [B] showed that 
cohomologies classes are generated by algebraic cycles. Hence Poincare polynomials in section 3.3 
also give presentations of Hodge numbers of moduli spaces. 

Notation. 

Let X be a smooth projective surface. For a torsion free sheaf E on X, we set 

A{E) C2{E) - ^^^iciiET) G Q. 

Let H be an ample divisor on X. For a pair (ci. A) e H'^{X, Z) x Q, let Mh{ci, A) be the moduli 
space of semi-stable sheaves E of rank 2 on X such that ci{E) — ci and A(£') = A. 
For a rational surface X, we set 

•= (1 _ „)bo(x) (1 _ tuy2(x) (1 _ t^uy.ix) ■ 

If X is defined over a finite field of t elements, then Zt{X, u) is Weil's zeta function of X. 
For a smooth manifold M, 

P(M,t) := ^6i(M)f/2 

i 

is the Poincare polynomial of M. 
We set 

neZ+l/2 n>0 

Osir) := J2 ^4(t) := 1 + 240 J] as{n)q^ 

neZ n>0 

e(T):=^3(2T) F(t):= J] <7i(n)g", 

n>0,2|n 

where q = ex.p{2^^^/^T), ak{n) = Z)d|n^''' ^ = 1,3 and af'^{n) = Z)d|n,2td^- E2{t) is not 

modular, we also consider E2{t) := E2{t) — 3/ (Trim t). 

For a positive definite lattice L with a pairing ( , ), we define the lattice theta function: 

eL(x,ii) :=^ii("')/'e("'^), (0.2) 

neL 

where u :— exp{27^^/ —It) and e := exp(27r-\/— 1)- For A e Lk, we set 

{eL\X){x,u) :^ J2 ^i^^'^/'e^"'^). (0.3) 

neL+X/2 



Remark 0.1. In the usual notation [G-Zl], 0l|A = 0l|(A, 0). 
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1. Preliminaries 
We shall collect some equalities which will be used later. 
Lemma 1.1. 

er{T) = -\{-E,{r) + 2E^{2T)\ 

F(r) = -^(i?2(r) - 3E2(2r) + 2E,{At)), 



J2 

d\n,2'l{n/d) 



J2 (-1)%" 

d\n,2\{n/d) 



E2{2t)-E2{t) 
24 

E2{t) - 5E2{2t) + 4E2{At) 
24 



Lemma 1.2. 



-6ei(r) = = e(r) + 16F(r), 

04(2rr = e(rr-16F(r), (^^^ 
^^2(2r)^ = 16F(r), 
^2(r)« = 16e(r)^16F(r). 

Proo/. We note that ^i(2r)^ = 2, 3, 4), ^2(r)^ ^3(r)^ + 04(r)^el(r) and F(r) are modular form 
for To (4). Hence these are polynomials of G(t) and E{t). Comparing Fourier coefficients of small 
orders, we get our lemma. □ 



Corollary 1.3. 

It is known that 



EAt). 



We set 



Po(r) := E,{2t), 

E,{t/2) + E,{t/2 + 1/2) 

t'even[r) := E^IZt), f^^ ^) 

E,{t/2) - E,{r/2 + 1/2) 
r^odd\T) := . 



Then we obtain the following lemma. 
Lemma 1.4. 



e2{2rf + e,{2rf + e,{2rf 



Pevenir) (2r)8 + (2r)8 - ^4 (2r) 



135 2 

Poddir) ^2(2r)6^3(2r)2 + e2{2r)%{2Tf 



(1.4) 
(1.5) 



120 2 

Proof. The first equality is trivial. We note that Pevenij) and Poddi'^'r) belong to ro(4). Hence, in 
the same way as in Lemma |1.2| , we get our lemma. □ 
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2. MODULI SPACES ON RATIONAL ELLIPTIC SURFACES 



2.1. Definition of invciriants. Let tt : X ^ be a rational elliptic surface and / a fiber of n. 

X is obtained by 9 points blow-ups of P^. We assume that every fiber is irreducible. Let H be the 
pull-back of the ample generator of i7^(P^,Z), and Ci,C2, ■ ■ ■ ,Cg the pull-backs of the classes of 
exceptional divisors. Then 



H^{X, Z)^ZH® ZCi © ZC2 



ZCq. 



We set g := H — Ci. Then g defines a morphism (j) : X ^ P^, which is factored to X ^ Si ^ P^. 
For a sufficiently large integer n, nf + g becomes an ample divisor on X. For a ci G H'^{X,Z) 
and a rational number A, we can choose a divisor h such that the equations for ^ G if^(X, Z) with 
-((2e + cir)<4A 

(2e + ci,/)=0, (2e + ci,(?) = 0, (2C + ci,/i) = (2.1) 



have no other solution than ^ = — Ci/2. For a polarization Ln^^n2 •= ^if + n2g + h with ni ^ n2 3> 1, 
we shall consider moduli spaces M^^^^^ (ci, A). It is known that M^^^^^ (ci, A) is a smooth projective 
variety, unless 2|ci and A G 2Z [M]. We shall quot a useful lemma due to Gottsche [G2]. 

Lemma 2.1. Let H be a divisor on a surface X which belongs to the closure of the ample cone. We 
assume that there is a non-negative number /c G Q such that ci{Kx) — —kci{H). For ci G H'^{X, Z) 
and A G Q, we shall choose a general ample divisor L on X . We assume that Mn+ehici, l^) is 
smooth. Then P{MH+eL{ci, A),t), < e -C 1 does not depend on L and e. 

Proof. Since e is sufficiently small, every element E of Mn+eLici, ^) is yU-semi-stable with respect 
to H. Let L' be another general ample divisor. For rank 1 torsion free sheaves /i,/2 such that 
(ci(/i)-ci(/2),i/) =0, (ci(/i)-ci(/2),L') >Oand (ci(/i) -ci(/2), L) < 0, we see that Ext^(/i, 12) = 
Hom(72, h ® KxY = 0. Then we get that 

J2 PiMH+eL{l, A), - J2 P{MH+.'L'il, A), 



t{t - 1) 



> =0. 



k ii,L}<0 



□ 



Since we are only interested in Euler characteristics of Ml^^^^^{ci, A), we may denote M/,^^^^(ci, A) 
by M(ci, A). It is known that 

(Ci,/)^ := {x G H\X,Z)\{x,Ci). = (xj). = 0} 

is the E's-lattice. Hence we denote (Ci,/)-*- by Eg. We shall compute x(M(ci, A)), ci G Eg. The 
following proposition is due to Shioda [S] . 

Proposition 2.2. There is a family of rational elliptic surfaces tt^ : A" — > P^ with a family of 

sections o" : P^ — > A" parametrized by S which satisfies that 

(i) W{Es) acts on X, S and the action is compatible with the projection p : X ^ S. 

(ii) There is a W {E^)-equivariant isomorphism 

: © Z®2 ^ R^p^Z 

such that (/)(Z®2) = Z/ © Zcr and (t){Es) = (Z/ © Za)^, where the action ofW{Es) to Z®^ is 
trivial. 
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Since Maruyama [M] constructed a family of moduli of stable sheaves on fibers Xg^s e -S", we 
obtain that, 

Proposition 2.3. We assume that Ci belongs to {Zf (B Es)\2Es. Forw e W{Es), M^^^^^(ci, A) is 
deformation equivalent to Mu,(i^^^^)(it;(ci), A). In particular, P{M{ci, A),t) — P{M{w{ci), A),t), 

Since there are three orbits of the action of W{Es) to E^/2E^, we define our invariants to compute 
as follows (cf. [MNVW, (3.15)]). 

Definition 2.1. For a class ci e H^{X,Z), we set 

ZcAr) := q-'^^''^/''J2xmci,A))q^. (2.2) 

A 

Let vq, Veven ^ud Vodd be elements of Es such that vq — 0, (t'e^en)* — ^ and {v"^^^)* — 2. We set 

^a(t) := ^ {Zv^{t) + Zf+y^{T)^ , A = 0, even, odd. (2.3) 
2.2. Poincare polynomials of moduli spaces. 

Definition 2.2. Let / G H'^{X,Z) be a cohoniology class such that {l,g) = 0. 
Mg{l, A) is the set ( or the stack) of torsion free sheaves E of rank 2 on X such that 

(i) E is semi-stable with respect to g, that is, E\d — for general member D e \g\, 

(ii) (ci(£;),A(£;)) = (i,A). 

We set 

So(t,M) := J^M^'r = eAi(x,M), (2-4) 
Si(i,ii):= ^^"V = (e>Ajl/2)(x,xi), 

neZ+l/2 

where = t and A\ is the Ai-lattice. 

Motivated by [Y2, Thm. 0.1 and Lem. 1.4] (also see [Y3, Cor. 3.5]), we define the Poincare 
polynomial of Mgil, A) ( or (i — 1) x (the number of F^-rational points of Mgil, A))) as follows: 

where n = #{i|2 < i < 9, (/, Ei) = 1 mod 2}. 

Remark 2.1. This definition is closely related to -SL-equi variant cohomologies of some spaces ([Y2, 
sect. 4], [Y3, sect. 3]). 
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In the same way as in the proof of [Y2, Prop. 3.3] (or, [Yl, Rem. 4.6], [G2]), we see that 



J2 P{M{1, A), - J2 PiMAl, ^),t)q' 



t(t-l) 



J2 (t'g)-«'H(«'^") - Yl {t'qr^'^'^t^^- 



Kx) 



^eH^iX,Z)+l/2 

iUXo 



^eH'^iX,Z)+l/2 
{i,9)<0 

(U)>o 



llz,{x,r\fqry 



a>l 



2t{t - 1] 



(2.6) 



5e//2(x,z)+z/2 
(U)=o 



l[Zt{X,t-\fqr)'. 



a>l 



The last term comes from the contribution of the set of E which have the Harder-Narasimhan 
filtration 

such that (ci(/i) - ci(/2),/) = (ci(/i) - ci(/2),y) = and (ci(/i) - ci(/2),/i) > 0. 

Remark 2.2. If M(Z, A) is singular, that is, Z = and A is even, then we shall define x(M(Z, A)) by 
this equation for a moment. 

The first term is closely related to Jacobi form of Gottsche and Zagier [G-Zlj. Hence we can expect 
that 



J2PiM{l,A),t)q' 



has a good expression. As in the proof of [G-Zl, Thm. 3.9], we shall consider a sublattice {f,g) 
(/, g)'^ C H'^{X, Z) and Jacobi forms associated with this lattice. We set 



Ci := Cg-i - Cio-i, (1 < i < 7), 
68 := H — Ci — 6*2 — C3, 
p := (61 + 63 + 65 + 68)72, 
i^q := (67 + 63)72. 



(2.7) 



Then we see that 



(/, 5)^ = Z6ieZ62e---eZ68 



(2.8) 



and 



H^X, Z)7((/, g) © (/, g)^) - Z72Z (/72 + p) © Z72Z (^72 + q). 
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(2.9) 



We set 



4.2m J.— 2m 

4mn ^ ^ 



t- 1 

m,n>0 



42m 4— 2m 
:n-l)'__l__ 



t-1 ' 
m,n>0 

42m-l _ 4-(2m-l) 

A3(t,g) := 5^ (t2g)(^-y^«^ , 

m,n>0 

42m-l _ 4-(2m-l) 

A,it,q):= J2 (t^Y^-^mn-Dl _1_ 

m,n>0 



Then we get that 
Lemma 2.4. 



= 4 2^ai(n)g = — , 

n>0 
m,n>0 



12 

n>0 



A4(l,g) = ^ 2(2m - i)g(2™-i)(2n-i) _ 2F(r) 



m,n>0 

The following is an easy consequence of the description of Dg in [C-S, Chap. 4]. 
Lemma 2.5. 

ez(x,n)8 + ez(x + l/2,nf 



6Dg(a;, u) 



{eDs\c\)ix,u) 



2 

ez(x,uf -ez(x + l/2,n)8 



2 

(ez)«|p)(a;,M) = (ez53|(p + q))(x,M) 

_ (9z|(l/2))(x,n)^ 
2 

(6^3 1 (ei/2)) (x, u) = (Qns I (ei/2 + q)) (x, 

2 

(6^3 1(61/2 + p))(x,m) = (ez)«|(ei/2 + p + q)){x,u) 

ez(x,M)2(ez|(l/2))(x,M)' 



3. Computation of Zy^^r) 

3.1. Computation of ^i,^„g„(T). We first treat the case of Zy^^^^. Hence we assume that Ci = 67 + 63. 
By using (|2.5| ), ( p.6|) and the proof of [G-Zl, Thm. 3.9], we obtain the following proposition. 



Proposition 3.1. 



^ F{t,q)Bo{t,u 

a>l ^ 



+ 

^ A,(t.a)(er 



t 



t t 

, A4(t,g)(e^3|p)(0,«2) (e^jq)(o,n2) 



t 2t{t - 1) 

where u = u{t) := t^g. 

By Lemma (O/jg + 6z)8|q)(0, m^) = i?o(l,ti)^- Hence we get that 



^ Ai(t,g)(9,,Jq)(0,tx^) ^ A2(t,g)(ez,J(p + q))(0,«2) 



t 2t{t - 1) 

G(t,g)i?o(t,M)8 



na>i(i-«") 



16 



^2(t, g)(eDj (p + q))(0, n2) _^ A3(t, g)eD8(o, 



t t 

A,{t,q){eos\Pmu^) 



where u = t^q. In order to evaluate at t = 1, we need the following two lemmas. 
Lemma 3.2. 



-^'^G{l,q) 



r]{qf 12r/(r)8 

Lemma 3.3. 



vm,n>0 



i;i(t.t^9)-Bi(l,t='.;) _ 1 / V r IV-^n^™" ^"l R n „i 



Proof. By the product formula, 

Bo{t,u) = 4)(l+y2m-l^-l)_ 



m>l 



Then we see that 



d log Bp 
dt 



m>0 



t2(l + u2™-lt)(l +?i2m-lt-l)' 



Hence we see that 



Bo{t,u) - Bo{l,u) Id^Bo,. . 
hm -r = — — 1,M 



u 



2m- 1 



m>l ^ ^ 

- E (-1) 

m,ri>0 



Thus we obtain the first relation. For the second relation, we use the identity 



m>l 



Combining Lemma |1 . 1| , |2.4| , |2.5| , |3.2| , |3.3| all together, we see that 
(r) = Imi ^ P(M(e7 + eg. A) , 

^ A 

= ^^^^ {e,{2r)\-QE^{T) + 19E2(2r) - 16E2(4r)) 

-e^{2Tf{-E2{2T) + 4E2(4r)) - ^^2(2r)«(^2(r) - E^{2r))) . 
The following is an easy consequence of Lemma |1.2| . 
Lemma 3.4. 

15(^^3(2r)« - e,{2Tf)e,{T) + 48(4^3(2r)« - ^4(2r)«)F(r) - 302(2r)«ei(r) 



1 



^2(rf(^3(rr + ^4(rr). 



Combining all together, we obtain that 
1 



(^3(2r)«(-6E2(r) + 19E2(2r) - 16E2(4r)) 



24r7(r)24 

+^4(2r)«(-E2(2r) + 4E2(4r)) - 02(2r)^(E2(r) - ^2(2r))) 
1 / ^3(2r)8-^^4(2r)8 + 02(2r)^^ 



(3.4) 



(3.5) 



(3.6) 
□ 



(3.7) 



24r/(r)24 \^ 2 

- ^4(2r)«(15ei(r) + 48F(r)) - 3^^2(2r)«ei(r)) 



E2(r) + ^3(2r)«(15ei(r) + 4 ■ 48F(r)) 



(3.^ 



24r^(r) 



24 



E2{T)Peyen{''l 

135 



^2lr 
9 



,(^^3(r)^ + ^4(r) 



3.2. Computation of Z^^^^r). By using (|2.5| ), ( |2.6| ) and the proof of [G-Zl, Tlim. 3.9] again, we 
get that 



Proposition 3.5. 



^ F{t,q)Bo{t,u^ 



i t t 



t 2t{t - 1) 

where u = u{t) := t^q. 

In the same way as in the even case, we see that 
Z,, (r) = Ihn 5^ P(M(0, A) , 

^ A 

= ^^^^ {e,{2Tf{-QE,{r) + 19E2(2r) - 16i5;2(4r)) 

+^4(2r)«(-^2(2r) + 4E2(4r)) - ^2(2r)«(E2(r) - ^2(2r))) . 
By using Lemma |1.2| and Corollary |1.3| , we see that 

2^4(2r)«(15ei(r) + 3 ■ 16F(r)) = - {e,{T)%{T)\e,{TY + e.^rf) + W,{2rf^) . 

Comparing Z^^^^t) with Z^^^^^ij), we obtain that 

Kir) =1^^^, {d,{2T)\-QE^{T) + 19£;2(2r) - 16i?2(4r)) 



e,{2rf + e,{2rf + e,{2TY^,^^ , 



(3.9) 



(3.10) 



-^4(2r)^(-E2(2r) + 4E2(4r)) - ^2(2r)^(^2(r) - ^2(2r))) 

-E2(r) + ^3(2r)«(15ei(r) + 4 ■ 48F(r)) 



2477(r)24 \^ 2 

+ ^4(2r)«(15ei(r) + 48F(r)) - 3^^2(2r)«ei(r)) ^3^^^^ 

E2(r)Po(r) + {d^{Tfd,{Tf - {e,{Tf + e.irf) + 3^4(2r)i2^ 



24 



24,,(t: 



|12 



Remark 3.1. Let ZI^^(t) be the generating function of Euler characteristics associated to the inter- 
section cohomologies IH*{M{0,n),Q). Then in the same way as in [Y2, Rem. 4.6], we get that 

ZlTir) = Z.,ir) + ^-^^, (3.12) 



where we used the definition of Z^^ (r) in Remark ^]2 
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3.3. Computation of Z^,^^^(r). Since (e^)* = 2, we may assume tliat Vodd = ei = Cg — Cg. Tlien 
similar computations show that 

Proposition 3.6. 



V- p.,.. .^ ,^ A F{t,q)Bo{t,ufB^{t,u) 



-(ez>3|(ei/2))(0, w^) - -__l__(e^J(ei/2 + q))(0,«2 



^ A^it,q){en,\{el/2)){0,u') ^ A.jt, q){en,\ie^/2 + p)){0,u') ^ As{t, g)(eBj(ei/2 + q))(0,«2 



t t 



, A4(t,g)(9z)J(ei/2 + p + q))(0,tx^) (9^3|(ei/2))(0, tx^) , 



where u = u{t) := t^q. 
Hence we get that 

Z,„,,(r) = limg-i 5^ P(M(ei, A), 



A 

1 \2/) /o^^6 



2(2r)'^^3(2r)''(-5E2(r) + 13^2(2r) - 8E2(4r)) 



24r/(r)24 

+02(2r)6^^3(2r)^(-^2(r) + ^2(2r))) 



24r/(r)24 \^ 2 
+e2(2r)2e3(2r)6(9 ■ 16F(r) - 3ei(r)) + ^^2(2r)%(2r)2(-3ei(r))) 



1 f ^ , ^Poddir) 1 „ , ,4. 



24r/(r)24 \^ ^ 120 8 

3.4. Main results. In the same way as in section 3.3, we can compute Zj_|_i,^(r). In particular, we 
obtain the following relations: 

Zf.„ (t) = Z„ (t), 

J ^'-'even \ / '-'even \ / ' 

By using (|3.8| ), and (|3.14|) , we obtain the following theorem. 

Theorem 3.7. 



24r/(r; 



even\ ) 2Ar]{Tf^ \ ' 135 ^ ' 8 

' 24r7(r)24 \^ ^ 120 8 ^ ^ ^ ' 

In particular, Z\{t) = Zx[t), up to holomorphic anomaly coming from E2{t) and unknown terms 
coming from singular spaces M(0, 2n). 

By Remark ^]l| and our theorem, we conjecture the following. 
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Conjecture 3.8. For rational surfaces, 

Z..(r) = Z:;;'(r) - ^^^^y (3.15) 

up to holomorphic anomaly. 

As a final remark, we shall check the S-duality conjecture in [V-W]. We set Wi := Ci + if,i = 0, 1. 
In [Y4], we showed that 



ZwQ — - ( — ,„Mo + 



2 \viT/2y2 r/(r/2 + 1/2)12 
1 / 1 



2 Vr/(r/2)i2 r/(r/2 + 1/2)12 



Hence we obtain that 

1 , . 1 



2 V 87^(2 



r 



1 12 



Zso{3){r) = 2(Zo(r) + 135Ze„en(r) + 120Zodd{r)) 

Then we see that 



256 



vir/2) 



12 



^5^(2)(-l/r) = -2-6 (^-^^ Z5o(3)(r). (3.16) 

Thus the S-duality conjecture in [V-W] hold for this case. 
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